We study a vacuum Bianchi IX universe in the context of Hořava-Lifshitz (HL) gravity. In particular, we focus on the classical dynamics of the universe and analyze how anisotropy changes the history of the universe. For small anisotropy, we find an oscillating universe as well as a bounce universe just as the case of the Friedmann-Lemaitre-Robertson-Walker (FLRW) spacetime. However, if the initial anisotropy is large, we find the universe which ends up with a big crunch after oscillations if a cosmological constant Λ is zero or negative. For Λ > 0, we find a variety of histories of the universe, that is de Sitter expanding universe after oscillations in addition to the oscillating solution and the previous big crunch solution. This fate of the universe shows sensitive dependence of initial conditions, which is one of the typical properties of a chaotic system. If the initial anisotropy is near the upper bound, we find the universe starting from a big bang and ending up with a big crunch for Λ ≤ 0, while de Sitter expanding universe starting from a big bang for Λ > 0.
I. INTRODUCTION
Since the advent of the big bang theory, the initial singularity problem is of prime importance in the field of cosmology. As shown by Hawking and Penrose [1] , general relativity (GR) predicts a spacetime singularity if a certain condition is satisfied. Their singularity theorem concludes that our universe must have an initial singularity. However, once a singularity is formed, general relativity becomes no longer valid. It must be replaced by more fundamental gravity theory. Even in the framework of an inflationary scenario which resolves many difficulties in the early universe based on the big bang theory, the initial singularity cannot be avoided. New gravitational theory may be required to describe the beginning of the universe.
Many researchers attempt to resolve this singularity problem in the context of generalization or extension of general relativity [2] . However, no success has been achieved yet. Superstring theory, which is one of the most promising candidates for unified theory of fundamental interactions, may solve it, but so far it has not been completed yet and is not so far able to describe any realistic strong gravitational phenomena. Loop quantum gravity theory may resolve the problem of a big bang singularity via loop quantum cosmology [3] . However it is still unclear how to describe time evolution of quantum spacetime in loop quantum gravity because of the lack of "time" variable. * Electronic address: y"underscore"misonou"at"moegi.waseda.jp † Electronic address: maeda"at"waseda.jp ‡ Electronic address: tsutomu"at"tap.scphys.kyoto-u.ac.jp
Among attempts to construct a complete quantum gravitational theory, Hořava-Lifshitz (HL) gravity has been attracted much interest as a candidate for such a theory over the past years. HL gravity is characterized by its power-counting renormalizablity, which is brought about by a Lifshitz-like anisotropic scaling as t → ℓ z t, x → ℓ x, with the dynamical critical exponent z = 3 in the ultra-violet (UV) limit [4] . In order to recover general relativity (or the Lorentz invariance) in our world, one expects that the constant λ converges to unity in the infrared (IR) limit in the renormalization flow. Although it has been argued that there exist some fundamental problems in HL gravity [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] , some extensions are proposed to remedy these difficulties [10, [17] [18] [19] . It is intriguing issue whether or not HL gravity can be a complete theory of quantum gravity.
There are a number of works on cosmology in HL gravity [7, . As pointed out by earlier works, a big bang initial singularity may be avoided in the framework of HL cosmology due to the higher order terms in the spatial curvature R ij in the action [38] . In this context, many researchers have studied the dynamics of the Friedmann-Lemaitre-Robertson-Walker (FLRW) universe in HL gravity [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] . In isotropic and homogeneous spacetime, higher curvature terms with arbitrary coupling constants mimic various types of matter with arbitrary sign of energy densities. The z = 2 and z = 3 scaling terms give "dark radiation" and "dark stiffmatter", respectively. Although "dark radiation" terms in the models with the detailed balance condition can avoid the initial singularity, such terms may become irrelevant to the dynamics when we include relativistic matter fields, which may scale as z = 3 in the UV limit and behave as a stiff matter [21] .
In our previous paper [47] , we have studied the dynam-ics of vacuum FLRW spacetime in generalized HL gravity model without the detailed balance condition and shown that "dark stiff-matter" can avoid the initial singularity of the universe. Even if we include relativistic matter fields, when the contribution of "dark stiff-matter" is dominant, the singularity is avoided and an oscillating spacetime or a bounce universe is obtained.
Although we have shown a singularity avoidance in HL cosmology, the following question may arise: Is this singularity avoidance generic? Is such a non-singular spacetime stable against anisotropic and/or inhomogeneous perturbations? In order to answer for these questions, we have to study more generic spacetime than the FLRW universe.
The initial state of the universe could be anisotropic and/or inhomogeneous. Before the singularity theorem, some people believed that the big bang singularity appears because of its high symmetry and it may be resolved if one studies anisotropic and/or inhomogeneous spacetime. Then they analyzed anisotropic Bianchitype universes and their generalization. Although they found some interesting behaviours near the singularity such as chaos in Bianchi IX spacetime [54] [55] [56] [57] , they could not succeed the singularity avoidance. It is simply because the singularity theorem does not allow a singularity avoidance in GR. The situation becomes worse if we consider anisotropy and/or inhomogeneity. Even in the effective gravity model derived from superstring, which shows a singularity avoidance, with such a property [58, 59] , once we include anisotropy and/or inhomogeneity, the property of such a singularity avoidance may be spoiled [60] .
Therefore it is important to study whether or not nonsingular universes in the present HL cosmology still exist with anisotropy and/or inhomogeneity. In the present paper, we shall investigate the possibility of the singularity avoidance in homogeneous but anisotropic Bianchi IX universe. Since we are interested in a singularity avoidance, we focus on an oscillating universe and analyze how anisotropy changes the history of the universe. We will not study the chaotic behaviour in detail, which may appear near the big bang singularity, although it is one of the most popular and important properties in the Bianchi IX spacetime and was discussed analytically in [52, 53] . As we will show later, however, some property of nonintegrable system, i.e., sensitive dependence on initial conditions may be found in the fate of the universe in the present analysis as well.
The paper is organized as follows. After a short overview of HL gravity, we present the basic equations for the vacuum Bianchi IX universe in HL gravity in Sec.II. In Sec.III, we study the stability of the closed FLRW universe against small anisotropic perturbations.
In Sec.IV we analyze Bianchi IX universe numerically and show a variety of histories of the universe, depending on initial anisotropy. Summary and remarks follow in Sec.V. In Appendix, we also analyze a bounce universe with anisotropy as an another type of non-singular solution.
II. BIANCHI IX UNIVERSE IN HOŘAVA-LIFSHITZ GRAVITY
First we introduce our Lagrangian of HL gravity, by which we will discuss the Bianchi IX universe. The basic variables in HL gravity are the lapse function, N , the shift vector, N i , and the spatial metric, g ij . These variables are subject to the action [4, 19] 
where
the Planck mass) and the kinetic term is given by
with
being the extrinsic curvature and its trace. The potential term V HL will be defined shortly. In GR we have λ = 1, only for which the kinetic term is invariant under general coordinate transformations. In HL gravity, however, Lorentz symmetry is broken in exchange for renormalizability and the theory is invariant under the foliation-preserving diffeomorphism transformations,
As implied by the symmetry (2.5), it is most natural to consider the projectable version of HL gravity, for which the lapse function depends only on t: N = N (t) [4] . Since the Hamiltonian constraint is derived from the variation with respect to the lapse function, in the projectable version of the theory, the resultant constraint equation is not imposed locally at each point in space, but rather is an integration over the whole space. In the cosmological setting, the projectability condition results in an additional dust-like component in the Friedmann equation [7] .
The most generic form of the potential V HL is given by [19] 
where Λ is a cosmological constant, R i j and R are the Ricci and scalar curvatures of the 3-metric g ij , respectively, and g i 's (i = 1, ..., 9) are the dimensionless coupling constants. By a suitable rescaling of time we set g 1 = −1. We also adopt the unit of κ 2 = 1 (M PL = 1) throughout the paper.
Let us consider a Bianchi IX spacetime, which metric is written as
where the invariant basis ω i is given by
A typical scale of length of the universe is given by a, which reduces to the usual scale factor in the case of the FLRW universe. We shall call it a scale factor in Bianchi IX model as well. The traceless tensor β ij measures the anisotropy of the universe. The spacelike sections of the Bianchi IX is isomorphic to a three-sphere S 3 , and a closed FLRW model is a special case of the above metric in the isotropic limit (β ij → 0).
For a vacuum spacetime, without loss of generality, we can assume that β ij is diagonalized as
The basic equations describing the dynamics of Bianchi IX spacetime in HL gravity are now given by the followings: 12) where H =ȧ/a is the Hubble expansion parameter, i.e., the volume expansion rate is given by K = 3H. The constant C arises from the projectability condition and it could be "dark matter" [7] , but here we assume C = 0 just for simplicity. The potential V , which depends on a as well as β ± , is defined by
14)
15)
Although the similar potential was found in [53] , we extend it to the case without the detailed balance condition.
III. LINEAR PERTURBATIONS OF THE FLRW UNIVERSE
In this section, we shall analyze the present system with small anisotropies by linear perturbations of the FLRW universe. We discuss the stability of the oscillating FLRW universe and present a new type of nonsingular solutions.
A. Oscillating Closed FLRW Universe
First we summarize the result of the closed FLRW spacetime, which metric is given by
We find the Friedmann equation as
The coefficients g r and g s are defined by
The conditions for an oscillating FLRW universe to exist were already given in [47] , which are summarized as follows: (c) Λ = −3/ℓ 2 < 0
whereg r = g r /ℓ 2 ,g s = g s /ℓ 4 , andg
with ǫ = ±1 being the sign of Λ.
We show the typical shapes of the potential U(a) in Fig. 1 for the coupling parameters which we use in our numerical analysis. For an oscillating universe, a is bounded in a finite range as a min ≤ a ≤ a max .
B. Linear Stability of the FLRW Universe
As we mentioned in Introduction, a non-singular FLRW universe such as an oscillating universe should be stable against anisotropic perturbations. Otherwise such a spacetime may not be realized in the history of the universe. Hence, in this subsection we study stability of the FLRW universe against linear anisotropic perturbations.
When the anisotropic part of metric vanishes,i.e., β ± = 0, Eq. (2.10) reduces to the usual Friedmann equation (3.2) for a closed universe. For the stability analysis, we expand the potential V (a, β ± ) around the FLRW universe with β ± = 0 to second order of β ± , so that
The total potential V (a, β ± ) is thus approximated by
In order to ensure that the FLRW universe is stable against small anisotropic perturbations, we impose the condition U 2 (a) > 0. The sufficient condition for stability is obtained if all coefficients in U 2 (a) are positive because a is positive, i.e.,
The necessary and sufficient conditions for stability are obtained by taking into account the dynamics of the background FLRW universe, i.e., the time evolution of a scale factor a. We will cover a wider range of the coupling parameters than the above. To show the explicit necessary and sufficient conditions, just for simplicity, we restrict our analysis to the case with g 4 = 0, i.e., the parity-conserved theory. In this case, U 2 can be recast in
The stability condition is such that U 2 (a) > 0 for ∀a ∈ [a min , a max ] (the range in which the oscillation occurs). When Λ = 0, a min and a max are given explicitly by
We thus find that either of the following three conditions must be satisfied to ensure the stability:
The above inequalities give the necessary and sufficient conditions for a stable oscillating FLRW universe in the case of Λ = 0 and g 4 = 0. Since in more general cases with Λ = 0 and/or g 4 = 0, the necessary and sufficient conditions could be obtained straightforwardly but would be much more involved, we dare not list the full conditions in the present paper. It may be sufficient to demonstrate that the stability range of coupling parameters exists without any fine tuning.
C. Perturbation around a static universe
Next we provide a simple and illustrative example in which even small anisotropies β ± can bring in a possibly interesting cosmological dynamics.
Let us consider the case with g 3 + 3g 2 > 0, (g 3 + 3g 2 ) 2 + 4(9g 5 + 3g 6 + g 7 ) = 0, and Λ = 0, so that we find a static FLRW universe with the constant scale factor a = a S := √ g 3 + 3g 2 . We then add small anisotropic perturbations β ± to this static background. The basic equations governing the system are given by
where .23) and (3.24), we find conserved anisotropic energies E β± defined by
Using the constants E β± we obtain the equation for the scale factor a as
This equation gives an oscillating solution for a with the frequency
Similarly, β ± also oscillate with the frequencies
The ratio of two frequencies ω a and ω β± is given by
Those frequencies give the typical values of the present oscillating system. They and their ratio are fixed only by the coupling parameters (g i 's) because a S and U 2 (a S ) are given by them. The above perturbative analysis around a static universe shows that an oscillating solution newly appears in the presence of the small anisotropies β ± . As the argument here is based on perturbations |β ± | ≪ 1, one may wonder whether or not there exist similar oscillating solutions with large anisotropies. We are going to perform numerical calculations to explore the anisotropic cosmological dynamics arising from more general setups beyond perturbations.
IV. ANISOTROPIC OSCILLATING UNIVERSE IN HOŘAVA-LIFSHITZ GRAVITY
In the previous section, we have shown that an oscillating FLRW solution in HL gravity is stable against small anisotropies, |β ± | ≪ 1, for a wide range of the coupling parameters. We now proceed to investigate the rich variety of the dynamics of oscillating universes in the context of Bianchi IX spacetime, extending the analysis to the case with large anisotropies.
If β ± are not small, the previous perturbative approach is no longer valid. To extend the analysis to include the case with large anisotropies, we employ a numerical approach and solve the governing equations without any perturbative expansion. With this, we intend to uncover the rich variety of anisotropic cosmology and clarify the resultant fate of the universe.
We have already given the basic equations for the Bianchi IX universe in HL gravity. It will be convenient to rewrite the equations as
2)
is the shear tensor of a timelike normal vector perpendicular to the homogeneous three-space, and σ is its magnitude. It may be convenient to introduce the dimensionless shear by 6) which measure the relative anisotropies to the expansion rate H. We also introduce the phase variable ϕ defined by
which parameterizes the direction of the anisotropic expansion.
We have the five first-order evolution equations for H, β ± and σ ± , i.e., Eqs. (4.2), (4.3)and (4.4), supplemented with one constraint (4.1). We have to set up the initial values for five of the six variables, a, H, β ± , Σ 2 and ϕ. The other one is fixed by the constraint equation. Since we are interested in how the cosmological dynamics is altered by the introduction of anisotropies, we start with the isotropic oscillating universe by setting β ±,0 to vanish and a 0 to be a local minimum a M of U(a), with arbitrary shear (Σ 2 0 and ϕ 0 ) at the initial moment. So we shall give the initial data for a 0 , β ±,0 , Σ 2 0 and ϕ 0 , and then determine H 0 (orȧ 0 ) by the constraint (4.1).
Without any loss of generality, we can analyze only the range of 0 ≤ ϕ 0 ≤ π/3 because of the discrete symmetry modulo π/3 of the potential V (a, β ± ). Since U(a M ) is negative (therefore V (a M , β ± = 0) is positive) for the oscillating FLRW universe, the possible range of initial shear Σ 2 0 is limited from Eq.(4.2) as
As we discussed in the previous section, the FLRW universe is stable against small anisotropic perturbations if U 2 (a) defined by Eq. (3.18) is positive. However one may suspect that it becomes unstable when anisotropy is large. For stability against large anisotropy, we have one natural indicator, which is the potential V (a, β ± ). If the potential is unbounded from below for large |β ± |, we expect that if initially large |β ± | will diverge in time and the universe evolves into a singularity.
From Eq. (2.14), we find that the potential is bounded from below, if and only if one of the following conditions is satisfied:
(ii) g 4 ≥ 0, 5g 7 + 7g 6 + 5g 5 ≥ 0 , and
We then classify the potential V into four types: SS, US, SU, and UU, where the first S (stable) or U (unstable) denotes the stability against small perturbations around FLRW spacetime, while the second S (stable) or U (unstable) corresponds to the stability against large anisotropies. Since a cosmological constant will also change the fate of the universe, we shall discuss eight types of cosmological models; Models I-SS, I-SU, I-US, I-UU, II-SS, II-SU, II-US, and II-UU, depending on the sign of Λ (I for Λ ≤ 0 and II for Λ > 0) and the potential types.
Note that a singularity, of course, may appear even for small anisotropies because the Bianchi IX spacetime includes a closed FLRW model.
We have performed numerical calculations for all possible models and various initial data. Now we show our Figs. 13-17 The values of nontrivial coupling parameters gi's and a cosmological constant Λ, which are used in our numerical analysis. We also choose λ = 1, g2 = g4 = g7 = 0. The types (SS and SU) of the potential V are described in the text.
numerical results for each model. We find several types of fates of the universe depending on the magnitude of anisotropy, which we shall describe one by one.
In Table I , we list up the values of parameters for which we present the figures in this paper.
A. Model I-SS (Λ ≤ 0 and Type-SS potential)
First we discuss Model I-SS, in which Λ ≤ 0 and the potential V is the SS type. Since the universe is closed, there are two fates: an eternal oscillation or a big crunch. Depending on the strength of initial anisotropy, we find the following three types of histories of the universe. Fig. 2 . The scale factor a is regularly oscillating with time just as the FLRW solution with the same initial scale factor a 0 , which is shown by the dotted red curves as a reference. This oscillating solution shows only small deviation from the isotropic FLRW universe. The scale factor a (and then the volume) oscillates very regularly. Its orbit in the phase space shows an ellipse (a cross section of a torus) (see Fig. 2(b) ). The radius is slightly larger than that of the FLRW universe because of the existence of shear (see Eq. The orbit of the anisotropy (β + , β − ) is depicted in Fig. 3(a) . The anisotropic variables β ± are trapped around the origin of (β + , β − )-space by the potential wall. It looks complicated but definitely periodic. The shear is also regularly oscillating as shown in Fig. 3(b) , but the oscillation period is much shorter than that of the scale factor a. The oscillation amplitude of the shear σ is then modu- lated by a-oscillation. We can estimate those oscillation frequencies from the result in §III C. Using the coupling parameters of the present model (see Table I ), we find ω a = 2 and ω β± = 2 √ 10 from Eqs. The oscillation period is almost the same as that in Fig. 2(a) . As shown in Fig. 4 (b) , the orbit of the scale factor a in the phase space is initially almost an ellipse (a cross section of a torus), but its "radius" gradually increases because of the increasing anisotropy, and a finally evolves into a big crunch singularity ((a,ȧ) = (0, −∞)).
The behaviour of anisotropy is shown in Fig. 5(a) , which shows that the orbit of (β + , β − ) is trapped and reflected many times by the potential wall. The shear σ is initially oscillating and eventually diverges at a big crunch as shown in Fig. 5(b) . Before this divergence, we can see the increase of σ 2 , which leads the leave from the oscillating phase. Then the universe eventually evolves into a singularity with finite values of β ± . Note that the relative shear Σ is finite at the end, which means that the shear is not responsible for the singularity.
In Fig. 6 , we show the curvature invariant
which really diverges at a big crunch singularity. The universe evolves into a big crunch after many oscillations.
FIG. 6:
The time evolution of the extrinsic curvature square K ij K ij of the unstable oscillating universe given in Fig. 4 . For the Bianchi IX universe (solid blue line), K ij K ij oscillates in the beginning, but it eventually diverges at the end of the evolution, while it just oscillates periodically for the FLRW universe.
(C) From big bang to big crunch :
(near maximally large anisotropy)
Another type of singular solution is found for the extremely large initial anisotropy (Σ 2 0 ∼ Σ 2 0(max) ). In the case of the closed FLRW universe in GR, the spacetime starts from a big bang and ends up with a big crunch. Bianchi IX universe in GR also evolves from zero volume (a big bang) to zero volume (a big crunch) through a finite maximum volume. Hence even for the case with the oscillating FLRW universe, if we add a sufficiently large anisotropy, we may expect such a non-oscillating simple evolution.
We show one example. As shown in Fig. 7 , the scale factor evolves from an initial finite value a 0 to a singularity (a = 0), which is called a big crunch. If we calculate the time reversal one from the same initial data, we will find a singularity (a = 0), which is called a big bang. As a result, this universe starts from a big bang and ends up with a big crunch. There is no oscillation in the evolution of a just as the closed FLRW universe in GR.
FIG. 7:
The time evolution of the scale factor a of the Bianchi IX universe with the potential given in Fig. 2 As for the anisotropy, as shown in Fig. 8 , the orbit of β ± is oscillating around the origin and reflecting at the potential wall until formation of a singularity. β ± is finite even at a big crunch.
The shear σ is also oscillating, but the frequency is not so regular compared with the previous two cases (A) and (B).
The shear diverges at a big crunch (a = 0), which is really singular because the extrinsic curvature square K ij K ij also diverges there as shown in Fig.  9 . The behaviour of K ij K ij is very similar to that of the shear square. However the relative shear Σ does not diverge at a big crunch, which means that the singularity is similar to that of the FLRW universe. The shear does not dominate in the dynamics (Compare it with next example (C) ′ ).
In the case of a negative cosmological constant (Λ < 0), we also find the similar behaviour of the universe, although there is a quantitative difference. 
FIG. 9:
The time evolution of the extrinsic curvature square K ij K ij for the solution shown in Fig. 7 . The solid blue line and dashed red line represent Bianchi IX universe and FLRW universe, respectively. It diverges at the end of evolution, which is a singularity.
B. Model I-SU (Λ ≤ 0 and Type-SU potential)
When the potential V is unbounded from below, the universe may be unstable against large anisotropic perturbations (see Fig. 10 ). We also find three types of histories of the universe as (A), (B), and (C) in Model I-SS. The difference from Model I-SS appears when anisotropy gets large. That is, the anisotropy β ± diverges when a singularity appears. We show one example with near maximally large initial anisotropy.
(C)
′ From big bang to big crunch : (near maximally large anisotropy)
In this case, just as the history (C) of Model I-SS, the Bianchi IX universe expands from zero volume to zero volume without oscillation (Fig. 11) . The difference appears in the behaviour of β ± , which diverges at a big crunch. The orbit of β ± initially oscillates around the origin and reflects on the potential wall, but it eventually evolves to infinity over the potential hill because the potential is not bounded from below (see Fig. 12(a) ). We also show the time evolution of the shear σ 2 , which diverges at the end of the universe. The extrinsic curvature square K ij K ij also diverges there, which means it is really a singularity.
This singularity is different from one appeared in the history (B) or (C). To show it, we depict the time evolution of the relative shear Σ, which diverges at a big crunch. It means that the shear becomes dominant at the end. The increase of the anisotropic shear is responsible for the formation of a singularity. Note that Σ diverges also in the middle of the evolution but its divergence appears because of H = 0.
At a big bang, which appears in the time reversal one, we suspect that the shear diverges but β ± is finite just as the beginning of Bianchi IX universe in GR. Next we discuss the case of Λ > 0. In this case, we find another fate of the universe, which is an exponentially expanding universe by a positive cosmological constant.
If the effect of anisotropy is smaller than the contribution of a cosmological constant, the universe will be isotropized. The asymptotic equation for a is given bÿ Along with the cosmic expansion the potential is flattened to be negligible in the evolution equation for the anisotropy because a increases rapidly, so that we finḋ
from Eq. (3.24) . This implies that σ ± → 0 asymptotically due to the Hubble friction. Since the shear decreases to zero, the universe becomes locally isotropic, i.e., locally de Sitter spacetime. Note that this does not mean that it is globally de Sitter spacetime because the asymptotic values of β ± do not vanish. However the spacetime is exponentially expanding, and the observable region such as a horizon scale becomes effectively isotropic. Hence we shall still call this asymptotic spacetime de Sitter universe.
As a result, we have three fates of the universe in the case with Λ > 0: oscillating universe, a big crunch, and de Sitter expanding universe. We then find five types of histories of the universe: two new types with asymptotically de Sitter universe in addition to the previous three types (A), (B) and (C) discussed in IV A.
Two new types are the similar to the histories (B) and (C), but different from those in their final states, i.e., (D) de Sitter expansion after oscillation, and (E) de Sitter expansion from a big bang.
For small anisotropy (Σ into an exponentially expanding de Sitter universe because of a cosmological constant.
The initially oscillating universe leaves the oscillation phase when the anisotropy increases beyond some critical value. We also show the evolution of the shear σ in Fig.15 . We find that it is oscillating regularly for two-third of the whole period, but eventually increases. Then the universe leaves the oscillating phase and evolves into de Sitter phase. Because of rapid expansion of the universe, the shear vanishes soon [61] .
We also show the time evolution of the anisotropy (β ± ) in Fig. 15(b),(c) . The initially oscillating anisotropy increases as a burst and then decreases to a small finite constant.
How the universe choose its fate ((B) or (D)) is as follows: If the spacetime is expanding when it leaves from the oscillating phase, it evolves into de Sitter phase (D), while if it is contracting, it collapses to a big crunch (B).
(E) de Sitter expansion from big bang :
If Σ 2 0 is close to the maximum value (Σ 2 0(max) = 3) and the universe is initially expanding (ȧ 0 > 0), the spacetime evolves into de Sitter phase without oscillation. The large anisotropy makes a jump from the oscillating phase to de Sitter phase in the beginning. The anisotropy drops quite rapidly because of the exponential expansion as shown in Fig. 17 .
FIG. 16:
The time evolution of the scale factor a of the universe with Λ > 0 and Type-SU potential. The universe starts from a big bang and evolves into de Sitter spacetime. The dashed red line represents the oscillating FLRW universe as reference.
On the other hand, if the universe is initially contracting (ȧ 0 < 0), the spacetime is classified into Type (C), i.e., from a big bang, which appears in the time reversal one, to a big crunch without oscillation.
FIG. 17:
The time evolution of the shear σ 2 of the universe shown in Fig. 16 . Initially oscillating shears drops to zero after de Sitter expansion starts.
D. Model II-SU (Λ > 0 and Type-SU potential)
In this case, we also find the similar histories of the universe to Types (A), (B), (C), (D) and (E), depending on initial anisotropies. The differences between Models II-SS and II-SU are qualitatively the same as those between Models I-SS and I-SU.
Only one difference from Model I is that there exists de Sitter phase as the fate of the universe because of a positive cosmological constant.
E. Models with the unstable potential against small perturbations around FLRW spacetime
In the previous four subsections, we discuss the cosmological models with the stable potential against small perturbations around FLRW spacetime. When the potential is unstable against small perturbations around FLRW spacetime, we also find qualitatively similar results. The main difference is that oscillations around the FLRW spacetime never happen. Even if the universe starts from near FLRW spacetime, it evolves into spacetime with large anisotropy because the FLRW spacetime is unstable. As a result, in the case of Type-UU potential, the universe collapses to a singularity for Model I-UU. No oscillating phase is found. If Λ > 0, i.e., for Model II-UU, some universe collapses to a singularity without oscillations, and the other one evolves into de Sitter expanding universe, depending on initial conditions.
F. Dependence of anisotropy on the date of the universe
In Table II , we summarize the fate of the universe. We assume the coupling parameters by which there exists an oscillating FLRW universe. For Models I-SS and II-SS, we find an oscillating FLRW universe with anisotropy in the case of small initial anisotropy. When we increase the strength of anisotropy, the spacetime leaves the initially oscillating phase and eventually evolves into a singularity or de Sitter spacetime. If the initial anisotropy is near the maximum value, the oscillating phase disappears and a simply expanding and contracting universe is found just as a closed universe in GR for Λ ≤ 0. When Λ > 0, an initially expanding universe evolves into de Sitter spacetime, while an initially contracting universe evolves into a big crunch.
TABLE II: Classification of Bianchi IX cosmological models by a cosmological constant Λ and types of the potential. OSC, SING1, SING2 and de S represent the anisotropic oscillation, two types of big crunch singularities (one with finite anisotropy and the other with infinite anisotropy), and de Sitter spacetime, respectively. deS/SING1 means that the spacetime evolves either de Sitter phase or a big crunch with finite anisotropy. deS [SING1 or SING2] denotes that the fate is either de Sitter universe if the universe is initially expanding or a big crunch if contracting.
For Models I-US and II-US, the histories of the universes are similar to those in Models I-SS and II-US, respectively, although deviation from isotropy becomes large even for initially small anisotropy.
In the cases of Models I-SU and II-SU, unless an initial anisotropy is small, an initially expanding universe turns to contract and collapses into a big crunch for Λ ≤ 0, while it evolves into de Sitter spacetime for Λ > 0. This singularity at a big crunch is different from that in Models I-SS,-US, and II-SS, US. The anisotropy β ± for the present model diverges, while that for the other cases is finite even at a singularity.
Models I-UU and II-UU are not so interesting. There is no oscillating phase. If Λ ≤ 0, the spacetime is simply a spacetime evolving from a big bang to a big crunch. For Λ > 0, the initially expanding universe evolves into de Sitter spacetime, while the contracting one collapses into a singularity.
One may wonder whether the initial anisotropy classifies the fate of the universe. Are there any critical values of the initial anisotropies for their transitions in Table II ? We understand naively that such a transition occurs as the anisotropy increases.
We find there exists a critical value for the transition (B) to (C) or (D) to (E), which is about (0.94 − 0.98) × Σ However, because we analyze the system numerically, we are not sure whether the model with small anisotropy oscillates forever or will turn to collapse long after. If the latter case is true, the case with small anisotropy is classified into the history (B) or (D). So there may not be exactly the history (A) except for the exact FLRW spacetime.
More interesting fact is found in the history (B)·(D) for Λ > 0. In order to study how the fate of the universe depends on the initial data, we solve the basic equations in Model II-SS assuming various initial values of anisotropy (Σ 2 0 and ϕ 0 ). We summarize the results in Fig. 18 . As we see from ing from near maximum anisotropy evolves into de Sitter universe (the history (E)), while it collapses into a singularity ifȧ 0 < 0 (the history (C)). For small Σ 2 0 , we find an oscillating universe (the history (A)). If Σ 2 0 is between the above two cases, however, the fate of the universe is not so simple. The history of such a universe is classified either (B) OSC→SING1 or (D) OSC→deS. However such a history does not shift monotonically from (B) to (D) as the initial anisotropy increases. How the universe choose its fate ((B) or (D)) as follows: If the spacetime is expanding when it leaves from the oscillating phase, it evolves into de Sitter phase (D), while if it is contracting, it collapses to a big crunch (B). As a result, the fate of the universe is sensitively dependent on initial conditions. If one changes the initial conditions, the fate changes drastically. It is because the present system is non-integrable. Such a property is found in a dynamical system with chaos. Since our model is Bianchi IX, which shows chaotic behaviour near singularity in GR [55] [56] [57] , we understand why we find such a complicated basin structure of the fate in Fig. 18 , which can be fractal [57] .
V. SUMMARY AND REMARKS
We have explored a singularity avoidance in a vacuum Bianchi IX universe in HL gravity. We have studied an oscillating cosmological solution with anisotropy. In the case of small anisotropy (|β ± | ≪ 1), we find an analytical solution and show the stability condition of the FLRW universe against anisotropic perturbations. We have also solved the basic equations numerically and discussed the possible history of the universe. We classify our models into eight types I-SS,-SU,-US,-UU, and II-SS, -SU,-US,-UU, depending on the sign of a cosmological constant and the types of the potential V . We find five types of the histories of the universe: (A) an oscillating universe with anisotropy, (B) a big crunch after oscillations, (C) from a big bang to a big crunch, (D) de Sitter expansion after oscillations and (E) from a big bang to de Sitter expansion, as summarized in Table II. The stable oscillating universe (A) is found if initial anisotropy is small in the case that the coupling parameters (g i ′ s) satisfy the stability condition. When initial anisotropy is large, the oscillating universe evolves into a singular big crunch (B) for Λ ≤ 0. In the case of Λ > 0, if the initial anisotropy is large but not close to the maximum value, we find two histories (B) and (D). Which history is realized does not depend monotonically on the initial shear Σ 2 0 , but the present system shows sensitive dependence of initial conditions just as one of the typical properties of chaos. The anisotropic bounce universe is also obtained for the model satisfied the stability condition if initial anisotropy is small.
Since we adopt the unit of M PL = 1, the oscillation period and oscillation amplitude are the Planck scale, unless the coupling constants are unnaturally large. Hence in order to obtain a macroscopic universe, we need a positive cosmological constant Λ > 0, which provides us a de Sitter expanding phase.
In a more realistic situation, this cosmological constant should be replaced by a potential V φ of an inflaton scalar field φ. Reheating after inflation may give an initial state of a macroscopic big bang universe.
When we include a scalar field, however, we have to take into account modification of a scalar field action in the UV limit similar to HL gravity action. The action S φ may be given by
with M being a typical mass scale and C i ′ s (i = 1 − 3) being dimensionless constants. For this action with HL gravity action (2.1), the basic equations for a Bianchi IX cosmological model are given by
3)
Although the action (5.1) contains higher spatial derivatives, there exists no difference from the conventional canonical kinetic term of a scalar field for a homogeneous spacetime. We expect a usual inflationary scenario once de Sitter exponential expansion starts. There exists reheating after slow-roll inflation, finding a big bang universe.
If we have an oscillating phase before inflation, we may expect one interesting effect, which is modification of primordial perturbations. We should stress that a classical transition from an oscillating phase to an inflationary stage never happens in the FLRW model (See our discussion in [47] for quantum transition). So anisotropy may be important in the pre-inflationary oscillating phase. As a result, we may find large non-Gaussian density perturbations. To confirm our scenario, we should explore the dynamics of a scalar field in the pre-inflationary era because V φ in an inflationary model may be fluctuated by the oscillating scale factor in the pre-inflationary era while Λ is a constant in our present analysis.
Another interesting possibility is anisotropic inflation, which is discussed in the model with higher curvature terms [62] or with a vector field [63] . It may leave distinguishable imprints on the primordial perturbations.
In the text, we have considered oscillating universes as a possible way to avoid an initial singularity. In this appendix, we study another way to singularity avoidance, i.e., a bounce solution [47] . For a closed FLRW universe, a bounce solution exists only only in the case of Λ > 0. As a result, a bounce solution with anisotropy is also found only for the case of Λ > 0.
We classify bounce solutions into two classes according to the shape of the potential U(a). The first class is such that U(0) = −∞, which we call Type A, and the other is such that U(0) = +∞, which we call Type B. We show two typical potentials in Fig. 19 . For Type- A potential, in addition to a bounce solution, we find a FLRW spacetime starting from a big bang and collapsing to a big crunch, while for Type-B potential, we have an oscillating FLRW solution as well as a bounce spacetime. This difference gives rise to different fates of anisotropic Bianchi IX universe as we will show later.
When initial anisotropy is small, it is easy to find anisotropic bounce solutions because anisotropy can be treated as perturbations around the isotropic closed FLRW universe. In order for this type of stable solutions to exist, the condition U 2 (a) > 0 (∀a > a T ) must be satisfied. The sufficient condition for stability is the same as Eq. (3.17) .
If the stability condition U 2 (a) > 0 is not satisfied, we do not usually obtain bounce solutions. Only for extremely small initial shear (Σ 2 0 < ∼ 10 −3 ), a bounce solution can be found even if the condition is not satisfied. It is because the the bounce occurs before the unstable mode grows enough.
In Table III , we list up the values of parameters for which we present the figures and tables here. Figs. 18(b), 20, Table V   TABLE III: The values of nontrivial coupling parameters gi's and a cosmological constant Λ, which are used in our numerical analysis. We also choose λ = 1, g2 = g4 = g7 = 0. The types (A and B) of the potential U are described in the text.
Type-A bounce universe
First we show the results for Type-A potential in Fig. 20 , where we find two typical evolutions of the universe.
FIG. 20:
The time evolutions of the scale factor a of the universe with Type-A potential. The solid blue, and dashed red lines denote de Sitter universe via a bounce, and a collapsing universe, respectively. We have set a0 = 3.7601,and ϕ0 = 5π/18, and the shear square Σ We assume the coupling parameters which guarantee the existence of the FLRW bounce universe. We then include anisotropy and study how anisotropy changes the fate of the universe. We find the following results:
• If the shear is small, we still have a regular bounce solution (the solid blue curve).
• When the shear becomes large, the initially contacting universe just collapses to a singularity (the dash-dotted red line). No singularity avoidance is obtained.
Hence, there seems to exist a critical value of Σ 2 0(crit) , beyond which the spacetime collapses to a singularity. The critical values Σ 2 0(crit) for Type-A potential are listed in Table IV , which is strongly dependent on the initial scale factor a 0 . However, the corresponding values of σ 2 0(crit) are not so much different. Hence we may conclude that the critical value is determined by the absolute value of the shear but not by the relative value to the Hubble parameter. for Type-B bounce universe. for Type-A bounce universe. If the initial shear exceeds this critical value, the universe evolves into singularity.
Type-B bounce universe
In this case, we find the following three evolutionary histories of the universe:
• A simple bounce solution just as Type A This is possible if the deviation from the "background" isotropic universe is sufficiently small.
• A big crunch solution just as Type A The universe collapses into a singularity if Σ 2 0 is larger than some critical value Σ 2 0(crit) .
• A bounce solution after some oscillations
We also find an oscillating phase before a bounce, for which Σ The time evolutions of the scale factor a of the universe with Type-B potential. The solid blue, dash-dotted red, and dotted green lines denote de Sitter universe via a bounce, a collapsing universe, and de Sitter universe after several oscillations, respectively. We have set a0 = 3.0197, ϕ0 = π/9, and the shear square Σ type of solution requires a fine-tuning to some degree, and hence in this sense the solutions are not generic.
The typical evolution of Type-B universe is presented in Fig. 21 . The critical values Σ 2 0(crit) for Type-B bounce universes are listed in Table V . As Type-A bounce solution, the critical value of σ 2 0(crit) does not strongly depend on the initial scale factor a 0 , but Σ 2 0(crit) does. Near the critical anisotropy, we suspect that which fate of the universe is realized may depend sensitively on initial conditions.
